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Abstract            Multi-electron bubbles (MEBs) can be macroscopic in size.
The crucial surface electron density is limited to a bit more

than 109  cm-2 on flat helium surfaces, but can be greater than
1012  cm-2  in small bubbles and as high as 1014  cm-2 for
helium under modest pressures and can have increased

stability for negative pressures.  We discuss some of the
properties of  as well as a method for stabilizing of MEBs.
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1. INTRODUCTION

The multi-electron bubble (MEB) is essentially a spherical bubble
containing from 2 to more than 108 electrons inside of liquid helium.  A single
electron bubble (SEB) has a radius of 34 Å [1] while, for example, a bubble of

104 electrons theoretically should have a radius of around one micron.  The
surprisingly large diameter of the SEB is the result of a balance between the
zero-point energy of the electron and the surface tension energy of the liquid
helium. A spherical surface has the minimum energy (in the absence of

gravity) and is thus the expected shape of a static bubble or a bubble in its
ground state.  For larger bubbles electrons repel each other due to Coulomb
forces and reside in a thin shell of order 10-20 Å wide on the inner surface of

the bubble, and at about the same distance from the He surface.  For small
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bubbles with only a few electrons, the zero-point energy is important and the

electrons have some distribution throughout the volume.  We shall focus our
attention on larger bubbles. The electrons form a well-defined two-
dimensional electron gas (2DEG) on a spherical surface.  Larger bubbles can
be deformed from the spherical shape in a gravitational field, as well sessile

bubbles, but here we shall be concerned with spherical bubbles.
Although high pressure techniques have been developed to reach

static pressure as high as 5× 10
6  bars, the importance of pressure to the

physics of the problem is the compression of the matter, not the pressure. The
combination of helium and the 2DEG are very compressible and respond to

both positive and negative pressures with enormous compression that will be
discussed.  In the case of MEBs significant effects are observed for pressures
less than 1 bar, both positive and negative.  Since the electron surface density

is crucial for the physics of bubbles, later we shall discuss the areal
compression, rather than the volume compression.

The observation of an MEB was a result of studies of 2DEGs on flat
helium surfaces. An electron is attracted to a liquid helium surface by its

image charge, forming a Coulomb attractive potential in the direction
perpendicular to the surface.  There is a barrier of about 1eV for an electron to
penetrate into the helium [2], so that the electron falls into a bound state on the
surface.  Early studies a few decades ago were motivated by a desire to

observe Wigner crystallization [3] of the 2DEG into a triangular lattice of
electrons. Since the helium surface charges up with electrons, in order to
increase the surface density, a positively charged electrode was placed under

the helium surface.  The highest densities observed in this configuration were
a few times 109/cm2.  At higher densities an instability develops in which the
helium surface deforms to subsume large numbers of electrons (millions) in
an MEB.  This MEB is short-lived as it moves with a fairly high mobility

through the helium to the electrode, where it is annihilated.  These bubbles
have been photographed [4] and their mobility measured by optical techniques
[5], but there have been no detailed studies of their properties due to their
short lifetimes, of order milliseconds. Although there are some theoretical

questions concerning the stability of an MEB (against fissioning into smaller
bubbles) all observations indicate that they are stable, but short-lived due to
the method of production. There have been a few proposals in the literature

for techniques to stabilize MEBs, but none have been successfully executed
[6-7].  In this paper we shall discuss some of the properties and a new
proposal for the stabilization of MEBs [8].
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2. PROPERTIES OF MEBs

It is useful to first develop some properties of the static MEB, such as
the relationship between the number of electrons N, and the radius, called the

Coulomb radius, R
c
, found by minimizing the static energy of the bubble,
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Here the first term is the energy due to the surface tension of the
helium, with σ  the surface tension; the second term is the Coulomb repulsion,

with ε  the dielectric constant of helium, and d the distance of the electron

layer from the surface, as suggested by Shikin [9].  The third term is the

localization zero-point confinement energy. The fourth term is the exchange
energy after the density functional calculations of Shung and Lin [10].  The

third and fourth terms are important for small bubbles with N ≤ 10
3.  The

final term is the hydrostatic pressure, p, applied to the liquid helium.  A static
bubble with p=0 is apparently stable, but from Eq. (1) it is easy to see that the

energy scales as N
4 / 3(ignoring terms important for small bubbles). It is clear

that a bubble of N electrons has a higher energy than two with N / 2 electrons
each, so there evidently is a formation barrier that stabilizes single bubbles.  A
study of the free-energy shows that an MEB is stable against radial

deformations; however angular deformations may lead to instabilities, as we
shall see.

Taking p=0 in Eq. (1) and minimizing, we find for large bubbles
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From this the surface density of the 2DEG easily follows; dividing N by
surface area of a bubble yields
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We see that for fixed pressure, smaller bubbles have higher electron surface
density.  In Fig. 1 we show in a three-dimensional plot the surface density vs.

N  and pressure. An enormous range is spanned, with density orders of
magnitude greater than achievable on flat surfaces.  Changing the number of

electrons in the MEB at constant pressure varies these densities.  An alternate
method that further expands the density range is to apply pressure to the
helium, for a fixed number of electrons up to pressures of 25 bar, roughly
where liquid helium solidifies. Liquid helium has a “tensile” strength and can

sustain negative pressures of 9 bars before it cavitates [11-12].  However, if a
bubble is included within the helium, the bubble will expand as the absolute
value of the negative pressure increases, until the bubble becomes unstable

and expands indefinitely [13]. The critical negative pressures are in the
millibar range, depending on the number of electrons in the bubble. Negative
pressure (not plotted in Fig. 1) can expand the bubble radius up to 1.5 times its
zero pressure value, decreasing the lowest achievable density by a further

factor of 0.44.
The MEB is expected to have fascinating properties and we shall

discuss a few of these below.  Consider first the low-lying excitations of the
system.  These are deformations of the surface of the bubble in which the

electron gas conforms to the helium surface; these modes are called spherical
ripplons and are closely related to ripples or surface waves on a flat surface.
Ripplons can be quantized and the wave functions are spherical harmonics;

the harmonic modes are labeled by quantum numbers   l  and m, the latter
being degenerate.  Oscillation frequencies are in the acoustic to radio
frequency range.
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Fig. 1: The surface density as a function of both the number of electrons in the bubble
and the pressure. All axes are logarithmic. The density of electrons exceeds the typical
109 cm−2 on a flat helium surface, and can be varied easily in the range 1010 − 1014 cm−2.

By developing the kinetic energy function and the Lagarangian for the

angular deformations of the bubble, the frequencies and corresponding
deformation amplitudes   Qlm

 of these modes can be calculated [13].  The

resulting mode frequencies (in the limit of large bubbles, N ≥ 10
3) are

  
l =

l2 − 1

R
eq

3
l − 2( ) − 2 pR

eq[ ] .                     (4)

Here ρ is the density of liquid helium, and R
eq

 is the equilibrium radius of the

bubble. For p = 0, and R
eq

= R
c
 we see that the   l  =1 and 2 modes are soft,

i.e., zero frequency.  The    l = 1 mode corresponds to uniform translation of
the bubble, while the   l = 2 quadrupole mode represents an instability for
fissioning of the bubble.  For non-zero negative pressure this instability is

lifted while positive pressures will sequentially drive all modes unstable.
Ripplon frequencies as a function of pressure are plotted in Fig. 2.  In Fig. 3
we show the deformation amplitude for the   l,m = 7 , 5 mode.  In this case the

amplitudes are greatly exaggerated, whereas in reality the theory is only valid
for small amplitude deformations.
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Fig. 2.  Ripplon frequencies of MEBs as a function of pressure for a bubble with
N=1000, showing how negative pressure stabilizes the L=2 mode and positive
pressures destabilize all modes.

Experimental excitation and observation of these modes will be
fundamental to the study of the MEBs.  For example for a fixed N  the

frequency should shift depending on if the electrons are a 2DEG or form a
Wigner crystal [14].

Wigner crystallization occurs for a 2DEG in a flat geometry if the
plasma parameter

   Γ = V
pot

/ Kin ≥ 137 ± 15 (5)

For so-called classical solidification V
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= e
2
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, where r  is the average distance between electrons,

and Kin = k
B
T .  For a flat surface, the lowest energy structure for the Wigner

crystal is the triangular lattice.  On a spherical surface, although the triangular
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Fig. 3. Example of a deformed bubble – the deformation corresponds to a ripplon mode

  l,m = 7 , 5. The amplitude of the deformation is large for clarity of viewing.

Fig. 4: The region in the temperature-pressure phase diagram for an MEB with one
million electrons. When Γ > 137 one might expect Wigner crystallization to occur.

Below a threshold pressure, the Wigner solid can be melted by increasing the
temperature. Above a threshold pressure, the density of electrons or the zero-point
energy is large enough to induce quantum melting of the Wigner solid.

the lattice may be the local lowest energy structure, a triangular net does not
fit on surface and defects with an electron having either 5 neighbors or
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neighbors will be built into the ground state of the triangular lattice [14].

Wigner crystallization was observed in the range of n
s

= 10
9
cm

−2  and T ≈ 1K

[15] .  This is called classical crystallization because the kinetic energy is
thermal.  At high enough electron surface density a quantum transition is
predicted for the Wigner lattice to melting.  If the Fermi energy

  E f
= h 2

n
s

/ m >> k
B
T , then the zero-point energy is Kin = E

f
; we see that

with increasing density, Kin  increases faster than V
pot

 until Γ  attains the

value given by Eq. (5) and the lattice melts.  In Fig. 4 we show the phase lines
for classical and quantum melting of the Wigner lattice in an electron bubble.

It is interesting to note that the attractive electron-ripplon interaction
may lead to superconductivity of the electron gas.  The fascinating possibility

of superfluid rotation of the Wigner lattice exists.  If the 2DEG forms a
Wigner solid, can this rotate within the bubble without dissipation?  We
believe that many of these problems will be accessible if the MEB can be

stabilized in a convenient geometry for study.

3. A PROPOSAL FOR STABILIZATION AND
         STUDY OF MEBs

We now discuss an experimental proposal for stabilizing and studying

MEBs [8].  In Fig 5 we show schematically an experimental cell.  The
cylindrical cell has a dome-shaped roof; the bottom is closed by a flexible
edge-welded bellows.  The cell is partially filled with liquid helium via a

capillary that can be sealed at low temperature.  Either an electrode or a field
emission tip performs as a source of electrons in the volume above the
superfluid liquid helium.  The helium has a barrier of 1 eV for an electron to
penetrate and a helium film covers all surfaces.  Electrons created in this

volume will either adsorb on the helium surface or be in the 3-D volume. The
bellows can be compressed to raise the surface of the helium to the roof of the
cell with a nominal value of zero-pressure in the helium.  At this position the
electrons will be corralled into the dome and will form a minimum energy

surface, or an MEB.  Further compressing of the bellows will increase the
pressure, while expansion (with the fill capillary sealed) develops a negative
pressure.  The roof of the cell contains a sealed concave glass window that

permits viewing of the MEB from above.  This window has a transparent
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Fig.5.  A schematic cell for stabilizing and studying multi-electron bubbles. The fill
capillary and valve, as well as a fiber optic illuminator are not shown.

conducting electrode on its surface; a second mating window forms a

capacitor that enables the measurement of the charge in the bubble. The
bubble can be illuminated with a fiber optic internal to the cell (not shown)
and viewed with a coherent fiber optic bundle. Using such a  geometry, the
static and dynamic properties of MEBs can be studied.
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